
1 23

Neural Computing and Applications
 
ISSN 0941-0643
 
Neural Comput & Applic
DOI 10.1007/s00521-014-1684-z

River flow forecasting through nonlinear
local approximation in a fuzzy model

P. C. Nayak, K. P. Sudheer & S. K. Jain



1 23

Your article is protected by copyright and

all rights are held exclusively by The Natural

Computing Applications Forum. This e-offprint

is for personal use only and shall not be self-

archived in electronic repositories. If you wish

to self-archive your article, please use the

accepted manuscript version for posting on

your own website. You may further deposit

the accepted manuscript version in any

repository, provided it is only made publicly

available 12 months after official publication

or later and provided acknowledgement is

given to the original source of publication

and a link is inserted to the published article

on Springer's website. The link must be

accompanied by the following text: "The final

publication is available at link.springer.com”.



ORIGINAL ARTICLE

River flow forecasting through nonlinear local approximation
in a fuzzy model

P. C. Nayak • K. P. Sudheer • S. K. Jain

Received: 26 September 2013 / Accepted: 14 July 2014

� The Natural Computing Applications Forum 2014

Abstract This study investigates the potential of non-

linear local function approximation in a Takagi–Sugeno

(TS) fuzzy model for river flow forecasting. Generally, in a

TS framework, the local approximation is performed by a

linear model, while in this approach, linear function

approximation is substituted using a nonlinear function

approximation. The primary hypothesis herein is that the

process being modeled (rainfall–runoff in this study) is

highly nonlinear, and a linear approximation at the local

domain might still leave a lot of unexplained variance by

the model. In this study, subtractive clustering technique is

used for domain partition, and neural network is used for

function approximation. The modeling approach has been

tested on two case studies: Kolar basin in India and Ken-

tucky basin in USA. The results of fuzzy nonlinear local

approximation (FNLLA) model are highly promising. The

performance of the FNLLA is compared with that of a pure

fuzzy inference system (FIS), and it is observed that both

the models perform similar at 1-step-ahead forecasts.

However, the FNLLA performs much better than FIS at

higher lead times. It is also observed that FNLLA forecasts

the river flow with lesser error compared to FIS. In the case

of Kolar River, more than 40 % of the total data are

forecasted with\2 % error by FNLLA at 1 h ahead, while

the corresponding value for FIS is only 20 %. In the case of

3-h-ahead forecasts, these values are 25 % for FNLLA and

15 % for FIS. Performance of FNLLA in the case of

Kentucky River basin was also better compared to FIS. It is

also found that FNLLA simulates the peak flow better than

FIS, which is certainly an improvement over the existing

models.

Keywords Fuzzy computing � Function approximation �
Flood forecasting � Clustering

1 Introduction

It is well understood that the limitations of hydrological

measurement techniques warrant for the modeling of

hydrological processes in a basin. However, most hydro-

logic systems are extremely complex, and getting an

insight into their functions with the available limited

measurements is difficult. The basic purpose of a model

was to simulate and predict the behavior of a system, and

also to predict the effect of changes in the inputs on this

behavior. Of various hydrological processes, rainfall–run-

off process is the most complex hydrologic phenomenon to

comprehend due to tremendous spatial and temporal vari-

ability of basin characteristics and inputs, as well as a

number of other variables associated in modeling the

physical processes [38]. The transformation from rainfall to

basin runoff involves many hydrologic components that are

believed to be highly nonlinear, time-varying, spatially

distributed, and is not easily describable by simple models.

There is much rainfall–runoff modeling that is carried

out purely for research purposes as a means of formalizing
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knowledge about hydrological systems [4]. Owing to the

difficulties associated with nonlinear model structure

identification and parameter estimation, very few truly

nonlinear system theoretic hydrologic models have been

reported (e.g., [2, 14]). In most cases, linearity or piecewise

linearity has been assumed [13]. Recently, a growing

interest in the modeling of nonlinear relationships has

developed, and a variety of test procedures for detecting

the nonlinearities has evolved. If the aim of the analysis

was prediction, however, it is not sufficient to uncover the

nonlinearities. One needs to describe them through an

adequate nonlinear model. Unfortunately, for many appli-

cations, the theory does not guide the model building

process by suggesting the relevant input variables or the

correct functional form. This particular difficulty makes it

attractive to consider ‘‘atheoretical’’ but flexible classes of

statistical models [3].

The most widely employed tools for data-driven mod-

eling in the recent past are artificial neural network (ANN)

technique and fuzzy computing technique. Both these

techniques have been rigorously applied to rainfall–runoff

modeling [5, 6, 11, 13, 22, 24, 25, 27, 32, 33, 35–37, 39,

41], and the results have been highly promising. The reason

for such an increasing interest resides in their intrinsic

generality, flexibility, and global performance in most

applications where other models either tend to fail or

become cumbersome [29]. Tayfur and Singh [36, 37]

developed ANN and fuzzy model for discharge estimation.

Chiang et al. [8] reported to simulate the hydrologic

response from various sources of rainfall sequences using

recurrent neural network (RNN) model. A novel evolu-

tionary artificial neural network (EANN) for time series

forecasting has been developed by Chen and Chang [7] and

found that EANN is superior to that of the AR and AR-

MAX models. Critical reviews on the application of ANN

to hydrology are presented by Maier et al. [20] and Abra-

hart et al. [1].

Despite a plethora of studies on rainfall–runoff model-

ing using these techniques, there are still certain issues that

need attention by the researchers. For example, several

studies suggested that a single ANN could not predict the

high and low events satisfactorily, and Zhang and Gov-

indaraju [43] proposed the use of modular neural network

as a solution to this concern. Large error in peak flow

prediction by an ANN model is another concern raised by

many researchers [15]. Sudheer et al. [33] while addressing

this issue demonstrated that the error in peak flow is

associated with the skewness of the data. Jain and Srini-

vasulu [16] report that the training algorithm of an ANN

may be pivotal to its performance and propose the use of

genetic algorithm for the optimization of ANN parameters

while developing rainfall–runoff models. They also suggest

an effective way to model the rainfall–runoff process by

integrating deterministic modeling and ANN approaches,

and the results are promising. To that end, the current

research on rainfall–runoff modeling using data-driven

approaches mainly focuses on devising methods to improve

the accuracy of the model in all ranges of flow.

It is a common belief that the ANN models of the

rainfall–runoff process are purely black models as they do

not explain the process being modeled, but for a few recent

studies [17, 31, 40]. However, it must be realized that the

hydrometeorological data that are employed in developing

rainfall–runoff models (ANN or conceptual) contain

important information about the physical process being

modeled, and this information gets embedded or captured

inside the model. For instance, a flow hydrograph, which is

normally used as the output variable in an ANN rainfall–

runoff model, consists of various segments that result from

different physical processes in a watershed [43]. Hence, it

is apparent that a local approximation technique, as is done

in Fuzzy rule-based methods, which maps the changing

dynamics in different flow domains using different func-

tions, would be an effective way to model the rainfall–

runoff process.

Local approximation refers to the concept of breaking

up the domain into several small neighborhood regions and

analyzing them separately. This concept reduces the errors

arising due to the approximation of varying dynamics of a

process by a single function. Consequently, it is expected

that a local approximation technique would be an effective

and better way to model the rainfall–runoff process. This

argument is supported by the results of Sudheer [31],

wherein he has successfully used a procedure to extract

knowledge from trained ANN river flow models.

The advantages of local approximation techniques are

illustrated by Farmer and Sidorowich [12]. In their

approach, the time series is first embedded in a state space

using delay coordinates, and the underlying nonlinear

mapping is inferred by a local approximation using only

nearby states. This approach can be easily extended to

higher-order local polynomial approximations. Singer et al.

[30] derived the local approximation as a state-dependent

autoregressive modeling. However, this becomes complex

with large data sets as the inefficient computation of nearby

state search makes the implementation much harder. In

order to overcome this limitation, we propose to streamline

the signal representation (input) with a vector clustering

procedure, that is, the local model fitting is based on sta-

tistically averaged prototypes instead of the original state

vector samples. Also, the nearby state search can be sig-

nificantly simplified with all prototypes organized accord-

ing to a certain metric such as pattern similarity.

A review of the literature brings out a few papers that

report the application of local nonlinear models using ANN

models by splitting the input data into different subdomains.
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See and Openshaw [28] developed a fuzzy logic-based

hybrid model to forecast river level, in which forecasting

data set was split into different subsets before training with a

series of neural networks. Cigizoglu and Kisi [10] reported

the development of RDNN model for suspended sediment

estimation by dividing the training data into different sub-

groups. Jain [18] developed a compound neural network to

model sediment rating relation. Application of spiking

modular neural networks for modeling different hydrologi-

cal process are reported by Parasuraman et al. [26], and self-

organizing networks are developed for the classification of

input space. It may be noted that all the paper reported herein

use hard clustering for the classification of input space. In

hard clustering, data sets are divided based on their statistical

properties. Note that there is undesirable effect of splitting

large clusters as well as elongated clusters, under some cir-

cumstances. Indeed, it has been observed that most clusters

in real data sets are neither well isolated nor have a spherical

shape [23]. Details on the difference between hard and fuzzy

clustering approaches are reported in Sect. 3. It must be noted

that most of the applications of local approximation tech-

nique consider linear relationship as an effective local

approximation. However, the rainfall–runoff process being

highly nonlinear, a nonlinear local approximation is likely to

be a better approach.

The objective of this paper was to illustrate that a

nonlinear local approximation approach results in a better

accuracy in the context of rainfall–runoff modeling. More

specifically, the study discusses on subdividing the data

into subspaces and the limitations of linear and nonlinear

local approximations. The proposed approach is illustrated

through a real-world case study on two river basins. Both

the applications are developed for river flow forecasting,

one on a daily time step and the other on an hourly time

step.

2 Theoretical considerations of local approximation

Consider modeling a river flow time series such that

yt ¼ f ðxt; kÞ, where it is required to forecast the value of

flow (yt) and xt is the input vector to the model at time

t. Generally, the modeler uses a set of n ‘‘candidate’’

examples of the form (xi, yi), i = 1,2, …, n, and finds an

optimal set of parameter vector (k) by calibrating an

appropriate model. The inputs to the model typically are

the previous values of the time series, and the output will

be the forecast value. The model is normally trained and

tested on training and testing sets extracted from the his-

torical observed time series. In addition to the current and

previous values of the input variables, one can utilize the

observed and/or forecasted values of other (or external)

variables that have a causal relationship (correlated) with

the series to be forecasted. For a river flow forecasting

problem, such exogenous variables could be the rainfall or

evaporation over the basin. Each additional input variable

in a model adds another dimension to the space in which

the data cases reside, thereby making the function to be

mapped more complex. The model attempts to fit a

response surface to these data.

For many applications in data-driven modeling

(regression, classification, etc.) an estimate of expected

response (output) is desired at or close to one fixed pre-

dictor (input) vector. This estimate should depend heavily

on predictor vectors in the sample that are close to the

given fixed predictor vector. The predictive relationship

between the current state xt and the next value of the time

series can then be expressed as

yðt þ TÞ ¼ fTðxðtÞÞ ð1Þ

where T is the prediction time horizon. The problem of

1-step-ahead (T = 1) predictive modeling with N variables

in the input vector is to find the mapping fT : RN to R1. In

local approximation, a local predictor is constructed based

on the nearby neighbors of xt, that is, fitting a polynomial

to the pairs (xti, yti?T) with xti being the nearest neighbors

of xt. The original signal can also be viewed as an evolu-

tion of the state xt of a dynamical system in RN. The signal

history (input samples) composes the map from state space

of dimension N to a scalar space, the parameters of the

mapping can be estimated by interpolating f 0ðxÞ from

noisy signal samples. The local modeling is superior and

simpler under the condition that the given dynamics is

locally smooth and a long enough signal history is avail-

able [30]. Under this condition, fTðxÞ can be approximated

by the first few terms of multidimensional Taylor series

expansion, resulting in

fTðxÞ ¼ aTx þ b ð2Þ

in which a and b refer to the vector of parameters of the

model. Based on the fuzzy modeling approach originally

developed by Takagi and Sugeno [34], the global operation

of a nonlinear process is divided into several local oper-

ating regions. Within each local region, Ri, a reduced-order

linear model, is used to represent the processes behavior.

Fuzzy sets are used to define the process operating condi-

tions such that the dynamic model of a nonlinear process

can be described in the following way:

Ri: IF operating condition i

THEN ŷiðtÞ ¼
Xno

j¼1

aijyðt � jÞ

þ
Xni

j¼1

bijxðt � jÞ i ¼ 1; 2; 3; . . .; nrð Þ ð3Þ

The final model output is obtained by firing strength
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ŷðtÞ ¼
Xnr

i¼1

liŷiðtÞ
" #,

Xnr

i¼1

li

 !
ð4Þ

where y is the process output, ŷ is the model prediction, l is

the process exogenous input, ŷi is the prediction of the

processes output in the ith operating region, nr is the

number of fuzzy operating regions, ni and no are the time

lags in the input and the output, respectively, li is the

membership function (MF) for the ith model, aij and bij are

the local linear parameters, and t represents the discrete

time.

Operating regions of a process can be defined by one or

several process variables. A number of fuzzy sets, such as

‘‘low, medium, and high’’ are defined for each of these

process variables. An operating condition is constructed

through logical combinations of these variables that are

used to define the process operating regions and assigned

the fuzzy sets: ‘‘low, medium, and high.’’

The graphical representation for computational procedure

for TS fuzzy model is presented for sine curve (Fig. 1). From

the figure, it can be observed that if MFs can be developed for

a given data set, then using the membership grade of each

predictor variable, local linear models can be developed and

their parameters can be estimated. The overlapping of dif-

ferent MFs and different local fuzzy regions is graphically

presented in Fig. 1. From the figure, it is seen that local linear

models are developed for different fuzzy regions, and fuzzy

reasoning is applied to estimate the model output. Fuzzy

regions are represented with different membership grade

used in the fuzzy if–then rules, which is the crux of fuzzy

modeling approach. Therefore, classification of different

local regions in an input/output data set is very important in

fuzzy modeling approach, and fuzzy clustering technique is

widely used for such purposes. In the clustering approach,

classification is carried out using different distance mea-

sures. The degree of similarity can be calculated by using a

suitable distance measure. Based on the similarity, data

vectors are clustered such that the data within a cluster are as

similar as possible, and data from different clusters are as

dissimilar as possible.

Figure 2 gives an example of three clusters with prototypes

V1, V2, and V3. The belongingness of each data point in these

clusters is the membership degrees (l) of the data vectors xk in

the fuzzy clusters with prototypes cj. The antecedent mem-

bership functions are then extracted by projecting the clusters

onto the individual variables. The performance of models of

this kind depends heavily on the definition of neighboring

state space. In order to avoid the curse of dimensionality

caused due to the use of ‘‘Euclidian distance’’ as a measure of

closeness (which is most commonly employed, [19], we might

assume that corresponding to the fuzzy region, i, fi (x) has a

ridge approximation [19, 21],

fiðxÞ ffi
Xl

n¼1

cngnðaT xÞ ð5Þ

in which gn is a transformation function of the linear

combiner of x; aT and cn are the parameters of the ridge

function [21]; l is the number of subdomains. Also note

that the linear local approximation is valid under the

condition that the dynamics of f(x) is locally smooth.

However, Eq. (5) typically accounts for the nonlinear

local dynamics of f(x). A close examination of Eq. (5)

reveals that the ridge function is an ANN with single

hidden layer having l nodes and a linear transfer function

on the output layer.

Hence, it is apparent that if the state space is classified

into subdomains and each of these domains is modeled

independently by a neural network approach which is

subsequently combined together, the resulting model may

provide a better global modeling of the nonlinear dynamics

in the state space. To the best of the authors’ knowledge,

this heuristic has not been addressed or confirmed by

empirical trials. The present study illustrates this heuristic

by comparing the performance of developed models using

the proposed approach, local linear approximation, and a

global nonlinear approach.

Fig. 1 Takagi–Sugeno fuzzy

model computational procedure.

a The data (solid) and model

(dashed-dotted), b local models

(top) and membership functions

(bottom)
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3 Methodology

In general, the above-discussed nonlinear local model fit-

ting is composed of two steps: a set of nearby state searches

over the signal history and model parameter fitting. For a

given signal, this procedure results in a set of local model

parameters which when combined together provide a single

function over the entire space. Since the neighborhood

search is performed over the whole signal history, a lot of

redundant computation results, which in turn hinders

effective implementation of this approach. These redundant

computations can be avoided by classifying the state spaces

into homogenous subspaces by means of an appropriate

vector clustering technique.

3.1 Clustering for classification

Data clustering is the process of dividing data elements into

classes or clusters so that items in the same class are as

similar as possible, and items in different classes are as

dissimilar as possible. Depending on the nature of the data

and the purpose for which clustering is being used, dif-

ferent measures of similarity may be used to place items

into classes, where the similarity measure controls how the

clusters are formed. Some examples of measures that can

be used as in clustering include distance, connectivity, and

intensity. In hard clustering, data are divided into distinct

clusters, where each data element belongs to exactly one

cluster. In fuzzy clustering, data elements can belong to

more than one cluster, and associated with each element is

a set of membership levels. These indicate the strength of

the association between that data element and a particular

cluster. Fuzzy clustering is a process of assigning these

membership levels and then using them to assign data

elements to one or more clusters.

Most popular analytical fuzzy clustering algorithm is the

fuzzy C-means (FCM) clustering. The FCM clustering

algorithm is based on the minimization of an objective

function called C-means functional. In the current study,

subtractive clustering algorithm is used for classification.

Subtractive clustering method [9] is an extension of the

FCM and mountain clustering method [42], where the

potential is calculated for the data rather than the grid

points defined on the data space. As a result, clusters are

elected from the system training data according to their

potential. Subtractive clustering compared to mountain

clustering has an advantage that there is no need to esti-

mate a resolution for the grid.

Subtractive clustering algorithm uses data points as

candidates for clusters centers. Data matrix with n data

X 

GATING 

Premise 
Parameters 

Consequent 
Parameters 

f 

V1 

V2 

L1 L2 L3

L4

V3 

Fig. 2 Computational architecture of the proposed FNLLA model
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point x1; x2; . . .; xnf g in k dimensional space includes also

output, and it is normalized within hypercube. It is con-

sidered that each data point is a potential cluster center and

defines a measure of the potential of the data point xi as

Pi ¼
Xn

j¼1

e�a xi�xjk k2

ð6Þ

where a ¼ 4
r2

a
and the data point with many neighboring

data points will have a high potential value. The constant ra

is effectively the radius defining a neighborhood; data point

outside this radius has little influence on the potential.

After the potential of every data point has been computed,

the data point with the highest potential is selected as the

center of the first cluster. Let x�1 be the location of the first

cluster center, and p1
* be its potential value. Then, the

potential of each data point xi may be revised by formula

pi ¼ pi � p�1e�b xi�x�
1k k2

ð7Þ

where b ¼ 4
r2

b

, and rb is a positive constant. Usually, a

recommended value of rb is 1.5 times the ra [9]. After

reduction is done, the data point with highest potential is

selected as the center of the second cluster x2
*. Similarly,

the algorithm reduces the potential of each data point

according to their distance to the second cluster center. The

process is repeated until a given threshold for the potential

is obtained such that
P�

k

P�
1

\e. The choice of e is an important

factor affecting the results; if e is too large, too few data

points will be accepted as cluster centers and if e is too

small, too many cluster centers will be generated. The

present study used a value of e equal to 0.5 as suggested by

Chiu [9]. It is important to note that the influence of

neighboring data decays exponentially with square of the

distance instead of the distance itself. So for a compact

cluster (small ra), a lot of data points are close to its center.

Each cluster center x�i may be considered as a fuzzy rule

that describes the system behavior. The details of sub-

tractive clustering are reported in Nayak et al. [24].

3.2 Fuzzy nonlinear local approximation model

As discussed earlier, a novel hybrid model is proposed

herein, which performs independent nonlinear local

approximation and combines each of them using the fuzzy

framework. The architecture of the proposed model is

presented in Fig 2. The method is based on the concept that

the input space is divided into subregions of similar

dynamics using an appropriate clustering algorithm (sub-

tractive clustering algorithm in this study), and modeling of

each of these regions is carried out using nonlinear local

function approximation (ANN in this study). The proposed

model is termed as fuzzy nonlinear local approximation

(FNLLA) model, which is based on fuzzy concept, and

neural technique is applied for nonlinear local function

approximation.

In Fig. 2, the gating is done to identify the membership

grade associated with any given input vector for each of the

clusters. This input vector will be passed to each of the

developed ANN, and the output from each ANN is com-

bined by computing the weighted mean with the mem-

bership grade in each cluster.

As described, the architecture of FNLLA is depicted in

Fig. 2, in which the fuzzy computing scheme is represented

in an adaptive neural network structure. The consequent

part of each of the fuzzy rule is a nonlinear function (ANN

in this case). The computations are performed in four

layers in FNLLA. In the layer 1 (L1), the incoming input

vector (x) is passed to different subregions (V1, V2, and V3)

and the associated MFs are computed as

lj ¼ e�a xj�xik k2

ð8Þ

in which xi is the ith input vector, xj is the cluster center

and j the subregion number, and a is a function of the

cluster radius. In layer 2 (L2), the weights of the hidden

nodes of the ANN consequent models are estimated, and

the output from each ANN consequent model is arrived at

layer 3 (L3). At layer 4 (L4), the consequent outputs are

combined to arrive at the final output.

4 Demonstrative case examples

The proposed model is illustrated through two examples by

developing rainfall–runoff models: (1) for Kolar basin up

to the Satrana gauging site in India, (2) the Kentucky basin,

USA. The Kolar River is a tributary of the river Narmada

that drains an area of about 1,350 km2 before its confluence

with Narmada near Neelkanth. In the present study, the

catchment area up to the Satrana gauging site is considered,

which constitutes an area of 903.87 km2. The total avail-

able data have been divided into two sets, calibration set

(data for the years 1987–1988) and validation set (data for

the year 1989). The drainage area of the Kentucky River at

Lock and Dam 10 (LD10) near Winchester, Kentucky, is

approximately 6,300 km2. The data used in the study pre-

sented in this paper include average daily streamflow

(m3/s) from the Kentucky River at LD10 and daily average

rainfall (mm) from five rain gauges (Manchester, Hyden,

Jackson, Heidelberg, and Lexington Airport) scattered

throughout the Kentucky River Basin. The total length of

the available rainfall–runoff data was 26 years (1960–1989

with data in some years missing). The training data set for

Kentucky basin was for 13 years (1960–1972), and the

testing data set covered the duration of another 13 years
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(1977–1989). Details about these basins and data avail-

ability are discussed in Nayak et al. [24, 25]. The input

vectors to models are selected based on the procedure

described by Sudheer et al. [32]. The procedure uses cross-,

auto-, and partial autocorrelations between the variables in

question along with their 95 % confidence interval. By

analyzing these correlogram plots, the significant lags of

independent variables that are potentially influencing the

output (dependant variable) can be identified. The input

vector identified included a total number of 4 and 6 vari-

ables for Kolar and Kentucky basins, respectively. Differ-

ent statistical indices that are employed to estimate the

model performance include coefficient of correlation

(CORR), efficiency (EFF), root mean square error (RMSE),

and noise-to-signal ratio (NS).

5 Results and discussions

5.1 Parameter estimation in FNLLA

The optimal number of clusters in FNLLA was obtained by

varying cluster radius in the subtractive clustering algo-

rithm, combined with the ANN model development. Dif-

ferent ANN models were developed for different clusters of

input space, changing hidden neuron from 2 to 10. Single

hidden layer with sigmoid function nodes is used in the

ANN. The sigmoid activation function was considered in

the output layer also. A standard backpropagation algo-

rithm (BPA) with adaptive learning rate and momentum

factor was employed to estimate the network parameters

for different clusters. It may be noted that any standard

training algorithm can appropriately applied for this pur-

pose. The selection of BPA in this study was more for its

efficiency that any randomized search algorithm cannot

beat the nonlinear optimization methods (e.g., Levenberg–

Marquardt) that are gradient-based and hence faster. The

adaptive learning rate and momentum factor helps the

algorithm not to get trapped in the local optimum. In order

to have a true evaluation of the proposed nonlinear local

approximation in fuzzy models, the results obtained for

both the basins from FNLLA were compared with FIS,

which performs a linear local approximation. In FIS model,

subtractive clustering has been used for fuzzy model

identification, which includes optimal number of if–then

rule generation, and consequent parameters are optimized

using least square error (LSE) technique.

In the analysis, the radius of influence (ra) of the cluster

center is fixed by various trials, which is the foremost

interest for the current study. The value of ra is varied from

0.001 to 1.0 with a step size of 0.01; at each stage, number

of clusters is estimated. From the current data set, 1–7

clusters are found while changing the cluster radius from

0.05 to 1 for Kolar river basin, maximum four clusters are

observed by changing radius from 0.001 to 1 for Kentucky

basin. The number of clusters identified corresponding to

various radiuses for both the basins is presented in Table 1.

It is evident from Table 1 that as the cluster radius

increases, the number of cluster decreases. Different ANN

models are developed for data belonging to different

clusters (effectively representing different ranges of flow),

and as discussed earlier, the number of hidden neurons is

determined by trial-and-error procedure. The stopping

criteria for ANN model building were maximum

efficiency.

The summary statistics of the flow data belonging to

each of the identified clusters are presented in Table 2. It is

clear from Table 2 that the clustering based on the input

vector clearly identifies distinct clusters that have different

nonlinear dynamics. This is evident from overlapping

clusters; the cluster V1 contains flow range from 3.63 to

240.24 m3/s, and the cluster V2 contains flow range from

9.61 to 297.43 m3/s, in the case of Kentucky River basin

data. A similar observation is found in the case of Kolar

basin data too. It is worth mentioning that the consequent

ANN models for each of these clusters preserve the sum-

mary statistics more effectively in both basins (see

Table 2). Also, it is evident that the classification of the

data into different clusters is according to the range of flow,

though not exclusively forced by the FNLLA.

It was observed that model performance was good when

input space is classified into three clusters for both the

basins. The efficiency plots with respect to different hidden

neurons for three ranges of flows are presented in Fig. 3 for

Kolar basin. When clustering algorithm is used for the

classification of data, the range of variation (minimum to

maximum flow) in different clusters plays a crucial role in

model performance. If the range of variation is too large,

ANN model unable to predict perfectly. Similarly, if

number of data points in different clusters is more, due to

robust learning capability of ANN, it predicts reasonably

good result. In the current investigation, range of variation

Table 1 Partition of input space for Kolar and Kentucky basins

Kolar River basin Kentucky River basin

Cluster radius No. of clusters Cluster radius No. of clusters

0.050–0.060 7 0.0010–0.0080 4

0.061–0.074 6 0.0081–0.0100 3

0.075–0.079 5 0.0110–0.2000 2

0.080–0.100 4 0.2100–1.0000 1

0.110–0.200 3

0.210–0.300 2

0.030–1.000 1
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in Cluster 3 is more (see Table 2); hence, model perfor-

mance is low compared to Clusters 1 and 2 for both the

basins. From the Fig. 3, it is observed that the maximum

efficiency is for the models having hidden neurons as 4, 4,

and 8 for individual clusters for Kolar River basin. Similar

procedure has been followed for the optimization of model

parameter for Kentucky River basin. The optimum number

of hidden neuron obtained was 3, 3, and 3 for Kentucky

basin. The identified optimal clustering radius with number

of if–then rules for Kolar and Kentucky basin are furnished

in Table 3.

The results of the FNLLA were first analyzed for their

effectiveness in capturing the nonlinear dynamics at local

level. In order to achieve this, the performance indices

were computed for each subdomain for Kolar basin for the

calibration and the validation period and are presented in

the Table 4. Note that in the study the FNLLA model

classified 1975, 1782, and 593 patterns as low, medium,

and high flow, respectively, using the subtractive clustering

algorithm. The corresponding number of patterns in the

validation data set was 796, 554, and 810, respectively, in

low, medium, and high flow clusters. It is evident from the

Table 4 that the nonlinear consequent models of the

FNLLA are effective in capturing the nonlinear dynamics

in each subregions as is evident from the similar values of

performance statistic in each region. It is noted that the

medium flow dynamics is not well captured by the local

nonlinear model compared to the other two flow domains.

5.2 Performance of FNLLA at 1-step-ahead forecast

The values of various evaluation measures during cali-

bration and validation period for FNLLA and FIS for

Table 2 Summary statistics of

the river flow in the identified

subdomain by FNLLA model

Statistic V1 V2 V3

Observed Computed Observed Computed Observed Computed

Kentucky River basin

Mean (m3/s) 13.45 13.19 32.25 32.13 239.16 239.08

SD (m3/s) 13.08 12.05 25.83 20.79 281.21 272.51

Minimum (m3/s) 3.63 4.67 9.61 15.09 15.99 31.55

Maximum (m3/s) 240.24 240.55 297.43 266.96 2,553.90 2,293.20

Kolar River basin

Mean (m3/s) 4.09 4.07 12.47 12.43 142.73 138.69

SD (m3/s) 1.94 1.74 4.55 4.27 308.65 290.72

Minimum (m3/s) 1.62 1.58 6.83 7.04 19.18 19.26

Maximum (m3/s) 29.03 28.86 125.57 124.84 2,427.70 2,062.40
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Fig. 3 Variation in efficiency plot for three clusters with respect to

hidden neurons for a Kolar basin and b Kentucky basin

Table 3 Optimal model structure (in terms of cluster radius and

number of rules) for three subdomains for Kolar and Kentucky basins

Model Kolar River basin Kentucky River basin

FIS 0.20 (3 rules) 0.008 (4 rules)

FNLLA 0.12 (3 ranges/rules) 0.010 (3 ranges/rules)
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both the basins for 1-h-lead forecast are summarized in

the Table 5, from which it can be observed that both the

models possess high value of correlation (0.96 and more)

between the forecasted and the observed river flow at

1-h ahead. The high value for the efficiency index

indicates a very satisfactory model performance in cap-

turing the nonlinear dynamics involved in the rainfall–

runoff processes. Note that the FNLLA performs with

higher efficiency in the case of Kolar basin compared to

the FIS model. The value of RMSE varies from 24 to

42 m3/s for Kolar basin indicating a very good perfor-

mance by both the models; the RMSE values are rela-

tively less in Kentucky basin for FNLLA model. It is

also noted that the NS ratio for the FNLLA model is less

than that corresponding to the FIS model.

The scatter plots of flows for 1-h-lead forecast validation

period for both the models are presented in Fig. 4 for Kolar

basin (Fig. 5 for Kentucky basin for 1-day lead). These

plots give clear indication of the simulation ability of the

developed model across the full range of flows. It is noted

that most of the flows tend to fall close to the 45� line

(reduced scattering), showing a good agreement between

observed and forecasted flows. From the plot, it is observed

that both the models are quite competent in forecasting

river flow at 1-h/-day-lead time. In general, it is noted that

the mapping of the low-flow region is relatively better

compared to high-flow region.

The forecasted hydrograph for a typical flood event

(during validation period) for both the basins by both the

models is presented along with its observed counterpart in

Fig. 6. It can be observed from Fig. 6 that FNLLA is

preserving the peak flows more effectively than the FIS for

1-h/-day-lead forecast for Kolar and Kentucky basin while

in low and medium ranges of flow, the performance of both

models is similar. This observation clearly brings out the

advantages of capturing nonlinear dynamics at the local

regions of the input space.

The forecast errors (difference between observed and

computed flow) are estimated over the entire range of

validation flows by two models for validation period for

1-h-lead forecast and plots are presented in Fig. 7 for

Kolar basin. From Fig. 7, it is observed that the major

errors for both the models are near the peak flow region

of the hydrograph. The error band for FNLLA is

±400 m3/s, while that for FIS is ±500 m3/s. The resid-

uals for the validation data in the case of Kentucky

basin, presented in Fig. 8 for 1-day-lead forecast for both

the models, suggest that the assumption of homosce-

dasticity of residuals (which is an inherent assumption

when mean square error is used as the objective function

during parameter estimation) is valid in the case of

FNNLA models in both the models. However, the range

of error is higher for FIS compared to FNLLA (residuals

are within ±750 m3/s for FIS model and ±500 m3/s for

FNLLA model), which indicates that FNLLA is able to

capture the nonlinear dynamics in a better way.

Table 4 Clusterwise FNLLA

performance for Kolar Basin
Lead time 1 h 3 h 6 h

Cluster V1 V2 V3 V1 V2 V3 V1 V2 V3

Calibration

Correlation 0.82 0.98 0.91 0.64 0.90 0.82 0.94 0.77 0.91

Efficiency (%) 66.91 95.40 83.33 39.21 79.58 67.56 24.49 53.18 53.35

RMSE (m3/s) 2.62 66.18 0.79 5.88 139.41 1.92 11.03 210.71 3.43

Noise-to-signal ratio 0.58 0.21 0.41 0.78 0.45 0.57 0.39 0.69 0.41

Validation

Correlation 0.93 0.98 0.45 0.63 0.87 0.48 0.91 0.75 0.74

Efficiency (%) 87.08 95.28 81.82 37.41 74.55 64.24 30.15 52.98 55.06

RMSE (m3/s) 1.43 53.97 1.50 4.03 125.44 2.43 9.45 170.65 3.15

Noise-to-signal ratio 0.36 0.22 0.96 0.79 0.51 0.93 0.49 0.69 0.43

Table 5 Statistical indices for 1-h and 1-day-lead forecast for Kolar

and Kentucky basins

Statistical

indices

FNLLA FIS

Calibration Validation Calibration Validation

Kolar River basin

Correlation 0.98 0.99 0.98 0.98

Efficiency 95.84 96.72 95.91 96.61

RMSE (m3/s) 42.39 23.29 42.06 24.31

Noise-to-signal

ratio

0.20 0.11 0.34 0.12

Kentucky River basin

Correlation 0.98 0.97 0.96 0.96

Efficiency 95.68 93.87 92.17 91.68

RMSE (m3/s) 50.12 51.87 67.45 60.41

Noise-to-signal

ratio

0.21 0.25 0.28 0.29
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5.3 Performance of FNLLA at higher lead time

forecasts

Both the models are further evaluated for their effective-

ness to forecast flows at higher lead times. The statistical

indices for higher lead forecasting are presented in Table 6

for both the basins. The superior performance of the

FNLLA compared to FIS is clearly visible at higher lead

times from the results presented in Table 6. It is observed

that even though the performance of FNLLA deteriorates

as the lead time increases, the efficiency is still 77.73 % at

6-h ahead while FIS shows only 46.92 % efficiency at the

same lead time. A similar behavior is exhibited by FNLLA

in the case of Kentucky basin also as the efficiency is

58.66 % at 3 days ahead compared to 50.56 % in the case

of FIS. A similar argument holds well in the case of other

performance indices too.

The distribution of error at various truncation levels is

estimated for Kentucky basin and is presented in Fig. 9 for

both the models for different lead forecasts. It can be

observed that the FNLLA model forecasted 60 % of the

total flow values with \20 % relative error in the case of

Kentucky basin, while for the fuzzy model it estimated

only 36.96 % flow values within the same error level. It is

also observed that as lead time increases, FNLLA tends to

have high frequency with low error. In the case of Kolar

basin, 40 % of the total flow values were computed with

\2 % error by the FNLLA, while the same statistic is

20 % for FIS model. Similar result was also observed for

Kolar basin as presented in Fig. 10. It may be noted that

FNLLA model forecasted 38.67 % of total number of flow

values for 1-h lead with \1 % relative error, whereas FIS

only estimated 19.34 % of flow values. The same trend was

observed for 2- and 3-day-lead forecast for Kolar basin.

This analysis reveals that FNLLA is better compared to FIS

in forecasting flood at higher lead time.

The characteristics of peak flow computation by both the

models were studied by computing the total runoff volume

of forecast and the forecasted time to peak flow. These two

indices are presented in Tables 7 and 8, respectively. The

index of volumetric fit (IVF) statistic measures the per-

centage error in volume under the observed and forecasted

hydrograph; positive values indicate overestimation and

negative values indicate underestimation. The IVF is very

less for Kentucky basin (\15 % up to 3-day lead), which

indicates that the forecasts by method are consistently

good, and are especially useful in planning purposes. From

the Table 7, it is evident that IVF statistics is relatively

small for FNLLA model compared to FIS for both the

basins. The time difference to peak was also estimated and

is presented in Table 8. It can be observed that FNLLA

-1000

-750

-500

-250

0

250

500

750

1000

0 1000 2000 3000 4000 5000

-1000

-750

-500

-250

0

250

500

750

FIS

E
rr

or
 [m

3 /s
ec

]

FNLLA

E
rr

or
 [m

3 /s
ec

]

Observed flows [m3/sec]

(a)

(b)

Fig. 8 Forecast error plots along the magnitude of flow for a FIS and
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Table 6 Performance indices for FIS and FNLLA model at higher

forecast lead times

FNLLA FIS

Kolar River basin

Forecast lead

time

1 h 3 h 6 h 1 h 3 h 6 h

Calibration

Efficiency (%) 95.84 81.52 79.15 95.91 57.79 51.00

RMSE (m3/s) 42.39 89.40 94.95 42.06 135.11 145.70

Noise-to-

signal ratio

0.20 0.43 0.923 0.34 0.65 1.95

Validation

Efficiency (%) 96.72 79.95 77.73 96.61 50.54 46.92

RMSE (m3/s) 23.29 60.45 62.37 24.31 92.12 96.48

Noise-to-

signal ratio

0.11 0.35 0.39 0.12 0.77 0.83

Kentucky River basin

Forecast lead

time

1 day 2 days 3 days 1 day 2 days 3 days

Calibration

Efficiency (%) 95.68 84.21 64.88 92.17 73.58 52.50

RMSE (m3/s) 50.12 95.82 142.9 67.45 123.93 166.20

Noise-to-

signal ratio

0.21 0.40 0.59 0.28 0.51 0.69

Validation

Efficiency (%) 93.87 78.68 58.66 91.68 73.14 50.56

RMSE (m3/s) 51.87 96.68 134.63 60.41 108.53 147.24

Noise-to-

signal ratio

0.25 0.46 0.64 0.29 0.52 0.70
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model is estimating the hour of peak flow reasonably better

than FIS.

In order to further strengthen the potential of FNLLA,

two more event-specific evaluation criteria, namely peak

flow criteria and low flow criteria (PFC and LFC), have

been estimated to check model performance during low

and high flood period. These criteria provide a more

accurate measure of the model performance on low and

high flow ranges. They can be computed as follows:

PFC ¼
PTp

t¼1 ðQo
t � Qc

t Þ
2
Qo2

t Þ
� �1=4

PTp

t¼1 Qo2
t

� �1=2
ð9Þ

LFC ¼
PTl

t¼1 ðQo
t � Qc

t Þ
2
Qo2

t Þ
� �1=4

PTp

t¼1 Qo2
t

� �1=2
ð10Þ

in which Tp is the number of peak flows greater than the

one-third of the mean peak flow observed; Tl is the number

of low flows lower than the one-third of the mean low flow

observed; Qt
o and Qt

c are observed and computed flows for

the time period t, respectively. It may be noted that a value

of PFC (and LFC) equal to zero represents a perfect fit.

The PFC and LFC statistics for various models are

shown in Table 9. The results obtained from Kentucky and

Kolar basins (Table 9) show that FNLLA predictions are

superior to FIS during low flow as well as high flow period.

The foregoing discussions clearly illustrate that an

approach of nonlinear approximation at the local level is an

effective way for mapping a complex function. The better

performance of the FNLLA in this study compared to the

FIS can be comprehended by the physical behavior of the

hydrologic system. Note that a flow hydrograph consists of

various components that result from different physical

processes in a watershed. For example, the rising limb of a

runoff hydrograph is the result of the gradual release of

water from various storage elements of a watershed due to

gradual repletion of the storage due to the rainfall input.

The rising limb of the hydrograph is influenced by varying

infiltration capacities, watershed storage characteristics,

and the nature of the input, i.e., intensity and duration of

the rainfall and less so by climatic factors such as tem-

perature and evapotranspiration. [43]. Conversely, the

falling limb of a hydrograph is the result of gradual release

of water from various storages in the watershed after the

rainfall input has stopped and is influenced more by the

storage characteristics of the watershed and climatic
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characteristics to some extent. Further, the falling limb of a

hydrograph can be divided into three parts: initial portion

just after the peak, middle portion, and the final portion.

The initial portion of the falling limb of a flow hydrograph

is influenced more by the quick flow (or interflow), the

middle portion of the falling limb is more dominated by the

delayed surface flow, and the final portion of the falling

limb (of smaller magnitudes) is dominated by the base

flow. Considering the modeling exercise performed in this

study, when the input–output patterns are clustered into

three domains, it is apparent that the physics and dynamics

of the process in these three domains are typically different

and are also highly nonlinear. Therefore, mapping the

nonlinear dynamics using linear approximation, as is done

is FIS, may not be efficient to capture the nonlinear process

completely. In contrast, the trained ANN in different
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Table 7 Percentage error in volume (IVF) under estimated hydro-

graph for different forecast horizon for Kentucky and Kolar basin

Observed peak

flow (m3/s)

FIS FNLLA

1 day 2 days 3 days 1 day 2 days 3 days

Kentucky River basin

2,553.93 5.81 14.41 23.33 4.44 8.92 14.92

2,010.29 3.74 10.03 13.22 2.65 11.67 14.01

1,896.93 6.83 15.32 22.64 1.49 9.57 15.57

Observed peak

flow (m3/s)

FIS FNLLA

1 h 3 h 6 h 1 h 3 h 6 h

Kolar River basin

2,028.98 5.36 21.85 44.95 5.34 18.20 33.24

393.67 -1.26 6.90 47.25 -0.26 -5.70 5.06

Table 8 Time difference to peak flow for different hydrographs for

different forecast horizon for Kentucky and Kolar basins

Observed peak

flow (m3/s)

FIS FNLLA

1 day 2 days 3 days 1 day 2 day 3 day

Kentucky River basin

2,553.93 0 1 1 1 1 1

2,010.29 1 1 1 0 0 0

1,896.93 1 1 2 1 1 1

Observed peak flow (m3/s) FIS FNLLA

1 h 3 h 6 h 1 h 3 h 6 h

Kolar River basin

2,028.98 2 3 6 1 3 0

393.67 1 3 6 1 3 0
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clusters helps capture the nonlinearity and plausibly rep-

resents the physical behavior of the system. The better

performance of FNLLA compared to FIS confirms the

original heuristic.

6 Summary and conclusions

The objective of this paper was to present and illustrate a

nonlinear local approximation approach in modeling the

rainfall–runoff process which offers better accuracy in the

context of river flow forecasting. Based on the theoretical

considerations of the fuzzy modeling in the state space

(input–output), it is clear that if the state space is classified

into subdomains and each of these domains is modeled

independently by neural network approaches that are

combined together, it may provide a better global modeling

of the nonlinear dynamics in the state space. In general, the

proposed nonlinear local model fitting is composed of two

steps: a set of nearby state searches over the signal history

and model parameter fitting. For a given signal, this pro-

cedure results in a set of local model parameters which

when combined together provide a single function over the

entire space. Since the neighborhood search is performed

over the whole signal history, a lot of redundant compu-

tations result, which in turn hinders effective implemen-

tation of this approach. These redundant computations can

be avoided by classifying the state spaces into homogenous

subspaces by means of an appropriate vector clustering

technique. The proposed model is termed as fuzzy non-

linear local approximation (FNLLA) model, which is based

on fuzzy concept, and neural technique is applied for

nonlinear local function approximation. The partition of

the state space is achieved by subtractive clustering algo-

rithm, and nonlinear local function approximation is by

ANN in the proposed method. The antecedent parameters

of the model are simultaneously estimated during cluster-

ing, and the standard backpropagation algorithm is

employed for ANN parameter estimation.

The potential of FNLLA is illustrated using two case

examples: (1) data pertaining to Kolar River basin, and (2)

data corresponding to Kentucky River basin. The optimal

architecture of the FNLLA model, which is defined by the

number of subregions in the data and the structure of each

ANN, is arrived after a trial-and-error procedure. When the

performance of the FNLLA is compared with that of a pure

FIS, it is observed that the FNLLA certainly possesses the

advantages of nonlinear mapping. Though both the models

perform similar at 1-step-ahead forecasts, the FNLLA

performs much better than FIS at higher lead times. It is

also observed that FNLLA forecasts the river flow with

lesser error compared to FIS. In the case of Kolar River,

more than 40 % of the total data is forecasted with \2 %

error by FNLLA at 1-h ahead, while the corresponding

value for FIS is only 20 %. In the case of 3-h-ahead

forecasts, these values are 25 % for FNLLA and 15 % for

FIS. A similar performance is obtained in the case of

Kentucky River basin too. It is also noted that FNLLA

simulates the peak flow better than FIS, which is certainly

an improvement over the existing models. Overall, the

results of the study confirm the heuristic that a nonlinear

local approximation is a better approach in fuzzy modeling

especially when complex nonlinear functions are being

mapped.
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